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These polynomials are a special case of the Pollaczek polynomials Pn(x; a; b) described in Chi-
hara’s book [2, Chapter 6, Section 5]. See also Bank and Ismail [1] where the attractive Coulomb
potential polynomials are also Pollaczek polynomials and the discrete mass points correspond to
bound states for the attractive Coulomb potential [6]. The monic Pollaczek polynomials Pˆ

n(x; a; b)
satisfy the recurrence relation
xPˆ

n(x; a; b) = Pˆ

n+1(x; a; b) + bnPˆ

n(x; a; b) + a
2
nPˆ

n−1(x; a; b);
where
bn =
−b
n+ + a
n¿0;
a2n =
n(n+ 2− 1)
4(n+ + a− 1)(n+ + a) ; n¿1:
Put = 1 and a= 0, then this gives
xPˆ
1
n(x; 0;−b) = Pˆ
1
n+1(x; 0;−b) +
b
n+ 1
Pˆ
1
n(x; 0;−b) +
1
4
Pˆ
1
n−1(x; 0;−b);
and hence, the polynomials of interest are Pn(x) = 2nP1n(x=2; 0;−b). The orthogonality measure for
the Pollaczek polynomials P1n(x; 0;−b) has an absolutely continuous part on [− 1; 1] and a discrete
part outside [ − 1; 1] with a denumerable set of mass points. If b¿ 0 then all the mass points
are positive and accumulate at the endpoint 1, if b¡ 0 then all the mass points are negative and
accumulate at the endpoint −1. The exact location of the mass points can be determined from the
asymptotic behaviour of these Pollaczek polynomials, which has been given in [1,4]. Each mass
point xk (k = 0; 1; 2; : : :) satis<es
1− b√
x2k − 1
=−k;
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so that
xk =


√
1 +
b2
(k + 1)2
; b¿ 0;
−
√
1 +
b2
(k + 1)2
; b¡ 0:
For the polynomials Pn(x) = 2nPˆ
1
n(x=2; 0;−b) the mass points are at 2xk (k = 0; 1; 2; : : :).
The fact that Blumenthal’s assertion about the <niteness of the number of mass points was false
has been observed by many others. The <rst to note this was Van Vleck in 1904. Chihara [3] also
showed that there can be in<nitely many mass points. Blumenthal’s error can probably be explained
by realizing that the notion of open=closed and inside=outside was not so clear at the end of the
19th century, and that he actually intended to state that there are only a <nite number of mass points
outside [a− ; b+ ] for every ¿ 0, where [a; b] is the interval where the zeros are dense. See [5]
for a survey of compact Jacobi operators and orthogonal polynomials.
Response
In reply to Van Assche’s comments, Siafarikas points out that this gives only the support of the
measure of orthogonality. The problem is to <nd the measure at the moments, i.e., (xk)=?, since
(xk) = 1=
∑∞
k = 1 P
2
k (xk) we need a comprehensive expression of the sum
∑∞
k = 1 P
2
k (xk).
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